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1. Introduction

Singletrack race games played with dice form a wide class. Theye faom the simplest
games, playe on a track where the playing spacae all the same, through games subject

to simple instuctions to go to another spagsuch asSnakes and Laddettsrough to the

many variants of thdeu de I'Oie (Game of Goose, GidellOca) where more complicated
rules are addedIn this class of gam&,y 2 6 Y A Y (i KaldY'2 Jidéxiaves $fNR f f
each player's token are strictly determined by the throw of one or more dice, so that there is
no player choice. This makes it pilde to 'play’ such games completely by computer
simulation, using the buiiin random number generation facilities instead of di¢be well

known 'Monte Carlo’ model. Another possibilitggain using computerss to specify
completely the probabily after any given number @hrows that a particular spaoeill be
occupied, simply by chaining together the probabilities generated by each successive throw:
the 'Markov chai’ model. In this paper, thedechniques will be used to address some
aesthett questions about race games:

- what makes a game 'playable'?
- what makes a game 'interesting'?
- do 'successful' games share common features?

No originality is claimed for the mathematical techniques used and the paper concentrates
on the results oldined.

2. Markov Probabilities folSnakes and Ladders

As an illustration of the Markov approach, consider the ganenatkes and Laddeis,the

form registered by F.H.Ayres of Londori892 [Love, 1978]. There are 100 spatese
arranged in a spirdatack, though the track shape is unimportant. The five ladders go from 6
to 40, 20 to 90, 23 to 54, 44 to 70, and 60 to 95; and the five snakes go from 97 to 10, 83 to
33,76 to 21,58 to 27, and 48 to 15The object is to reach spat60 exactly overthrows

mean that the player does not move. Ignoring for the momentrtiie that throwing a six
givesa free throw, the Markov chain probabilities for a single player are shown in figure 1
for 1, 2, 3, 5, 10 and 20 throws. The effect of the snakeslanthtdders in feeding the token
into different points on the track is clearly visible. Also clear is the fact that after a sufficient
number of throws the probability graph settles down into a characteristic shape.

The model easily gives the probabilitiyreaching square 100 after any given number of



throws. This probability can be plotted against the number of throws to give the statistical
distribution of the number of throws to finish the game. Figure 2 shows this distribution,
both with and withoutthe free throw after throwing a six. Itis interesting that the
distributions are not much different, dpge an apparenthsignificant rule variation.

3. Monte-Carlo results folSnakes and Ladders

Similar results fonumber ofthrows to finish can bebtained using the Mnte-Carlo

method, as shown ifigure 3, which is based on the observed number of throws required to
finish in DO0 games. The graph is notsmsooth as in thévlarkov model, which gives exact
probabilities,because the MonteCarlo mehod produces results as in a real set of games
and is therefore subject to statistical fluctuation.

Figure 4 shas adifferent set of observations for 1000 gamesing the MonteCarlo

method, namely the frequency distribution of where the token was oled after each

throw. This is equivalent to takingsaapshot of the board after each throw and
superimposing the results. (A similar result could be obtained by superimposing the Markov
graphs for all successive throws). This kind of graph showsydheav the 'snakes' and the
'ladders' have broken up the uniformity of the track. It alsgpdmsises the crowding of
spacesat the end of he track, caused by the exafmish requirement.

4. Multiple Players

The above illustrations have been for a gnglayer'. When the game is played by more
than one, the Markov and Mont€arlo techniques still apply. Interference between players
hasto be considered, of course. However, whees in the version dbnakes and Ladders
under consideration players simply cange places when there is a hit, no complications
arise: the winner is different but the statistics are unaltered. The main effect of having
multiple players is that the endf-board pile up is reduced. However, as will be seen below,
in othergames interference can be more complicated.

5. BuildingSnakes and Laddefsom Simpler Games

It is interesting to see how a moderately complicated gameSikakes and Ladderan be
developed from a simple race game by adding rules. The aim of tieishow the effect of
the rules on the distributions introduced above: there is no suggestion that the game was
historically developed in the way indicated. Figure 5 showsgulke MonteCarlo method,
suchdevelopment of a game with four players, ugia single die:

(a) beginning with an unddrentiated track of 100 spacewithout an exact finish
a game labelled in this paper a®hg Serpent’

(b) adding the requirement of an exact finisla gamdabelled asExact Long
Serpent’

(c) introducing the snakes and laddegshe 'Snakes and Ladders (Ayrggme.



In each case, the upper diagrahows the frequency distribution of positions on the board
the "superimposed snapshots' di¢ board; the lower diagrarshows the number of rounds
(throws per player) required to win.

It is striking how the rule changes have changed the distribuiiothe board from that of
the simple track. Also very striking is how the changes have broadened the distribution of
number of rounds to finish.

6. Builling the Game of the Goos&om Simpler Games

Figure 6 shows a similar approach being used to build the claGsioa of the Goose
[Seville 1999]. Here, the game is of 63 squares and double dice are used.

(a) begins with an undifferentiated track,thvut an exact finish a game labelled
here asSerpent

(b) adds the requirement of an exact finish, with the rilattoverthrows are
countedbackwards a game labelled here &Reverse Overthrow Serpent'

(c) shows the complete game, with the éawvable Goose squares and the various
classical hazardsGoose'.

As before, the left hand column shows the frequency distribution of positions on the board;
the right hand column shows the number of rounds (throws per player) required to win.

Again, the distribution on the board has been strikingly changed by the rules. And again the
distribution of number of rounds to finish has been very strikingly broadened.

A particular feature of th&ame of the Goose the effect of the traps at 31he well) and

52 (the prison), where a player must wait until released by another landing on theesquar
These give pronounced peaiksthe distribution on the boardThe other usual hazards are a
bridge¢ go on to 12; 19, amn ¢ lose two turrs; 42, amazec go back to 39 (usuallydleath

¢ start again. The image ofgmoseis found on the spaces of two interleaved sequences:
pXmnIno X |OARNdibghon agodse space, ¥e player doubles the throw, in the
current direction of travel (which maye backwards if counting overthrows near the end).

7. Comparison oSnakes and Laddeendthe Game of the Gooswith simple race games
It is interesting to compare Figures 5(c) and 6(c). There are distinct similarities in the
distributions both on théboard and for the number of rounds. it suggested that these
similaritiesare not accidentalBothSnakes and Laddeasd Gooseachieve excitement and

interest:

- by introducing rulebased differentiatiorwithin the track itself so that not all the
playing spaces are the same

- by introducing an exact finish requiremetiipugh this idifferent in the two games



- by using ruleshat allow on occasiora very quck result and (more rarelygllow
long-drawn-out games.

Without such features, a race ge is so easy to model that even a casual observer watching

GKS 3IYSTI gAGK2dzi dzaAaAy3 adlFrdAraidArda :4aaNJ I O2YL
group of tokens moves on average at a steady rate down the track, gradually spreading out

as it does soThe winner may indeed be any one of the group, so the game is unpredictable

to that extent, but there is no real excitement and the game soon palls.

By contrast, in botlfsnakes and Laddeasid Goosethere is sufficient complexity for the
game to seem unpuictable to the observer: the underlying statistical regularities are not
obvious to the casual eye. Both games appeal to the human sense of hubris, in that each
provides a mechanism whereby a player leading the field can be sentreaplkectively, a
longsnake near the endindthe death space)

8. Statistical Comparisons

The comparisons are however more than just qualitative. Quantitative similarities can be
demonstrated by statistical analysis, as summarised in Figure 7. This shows the average
number of rounds to finish for all the games discussed, together with the standard deviation
of the distribution, giving a measure of its spread.

Thus, for four players, the average number of rounds to win is about 1Sriakes and
Laddersand about 15 foGame of the Goosevhereas the underlying simple games are
respectively much longer (29 rounds) and much shorter (only 9 rounds). Furthermore, the
standard deviation of the average number of rounds to win is about 8iakes and
Laddersand about 11dr Game of the Gooseboth very much larger than for the underlying
simple games.

The convergence of these quantities fepkhyerGame of the Goosand 4playerSnakes and
Ladderss remarkable, given that these two games have totally different histbpedigrees.
Presumably the characteristics of the games were developed by trial and error, with human
enjoyment as the selection parameter.

It is also noteworthy that both games play well for numbers other than four. Howewer, t

statistical charactasticsof the Game of the Goosare much affected by the existence of the traps
(the well and the prison). These significantly increase the length of the game for three playars, to
average of about 31 roundsand for two players there is the possityilof a draw if both fall into
different traps. For this reason, statistics for tptayerGame of the Goodgave not been

presented here.

9. Conclusion

The perhaps foreseeable conclusion is that these two games were developed with similag play
consderations in mind: tgroduce excitemenand variety, while being of @onvenient length for



practical play. Such a conclusion is nevertheless of some interest, sinGarhe of the Gooseof
Italian origin- has in all likelihood a cabalistic significa as a 'game of life', whifgnakes and
Ladderdegan in Asia as a game of morals.

Further work is needed to determine how far the common statistical characteristics are shared by
other successful race gameand whether nowforgotten games had unde@sable playing
characteristics that contributed to their downfall. Some work has been undertakdtermMansion

of Happinessa game adapted from a British original butgoéat importance in the history of board
games in the United States of America. [Whill 1999] As a game for four players, this is
significantly slower than those mentioned above, taking about 25 rounds to win, though the
distribution of numbers of rounds to win is of the same general shape as in those games.
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Figure 1¢ Markov Probabilities for Snakes and Ladders
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Figure 1 continued
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Figure 2¢ Markov Rounds to Win (compare figure 3)
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Figure 5¢ the Approach b Snakes and Ladders: (apng Serpent
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Figure 5¢ the Approach to Snakes and Ladders: (b) Exact Long Serpent
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Figure 5¢ the Approach to Snakes and Ladders: (c) Snakes and Ladders
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Figure 6¢ the Approach to Goose: (a) Serpent
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Figure 6¢ the Approach to Goose: (a) Reverseverthrow Serpent
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Figure 6¢ the Approach to Goose: (c) Goose
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